We consider the calibration of parameters in physical models described by partial differential equations. This task is formulated as a constrained optimization problem with a cost functional of least squares type using information obtained from measurements. An important issue in the numerical solution of this type of problem is the control of the errors introduced, first, by discretization of the equations describing the physical model, and second, by measurement errors or other perturbations.
Introduction
A physical model described by a system of partial differential equations often involves unknown parameters, which cannot be measured directly, or whose measurement would require too much effort. This situation appears for example in the modeling of material properties or reaction velocities, or in the formulation of boundary conditions. In such situations, the estimation of unknown parameters is indispensable for successful simulation and optimization of the corresponding physical processes. The information required for parameter identification is usually obtained by observations of measurable quantities, like forces, fluxes, point values of pressure, velocity or concentration.
We distinguish two classes of such problems: parameter identification and model calibration problems. If the determination of the values of some unknown parameters is the primary goal of the computation, the problem is called parameter identification problem. If one is primarily interested in the computation of different physical quantities (quantity of interest) such as drag or lift coefficients, which depend only implicitly on the unknown parameters, we call this problem a model calibration problem. This distinction is important for the evaluation of the quality of a simulation. For example, one may think of the case, where the quantity of interest is not very sensitive with respect to some of the unknown parameters. Then, there is probably no need to estimate this parameter with high accuracy. In this paper, we wish to give a rigorous formulation of this idea.
For the formulation and numerical solution of such problems, one has the following two main ingredients: First, one needs measurements, and second, one has to discretize the physical model in order to obtain a finite-dimensional system. Both procedures introduce errors: On the one hand we have measurement errors and on the other hand discretization errors. Both types of errors lead to inexact computation of the quantity of interest. The aim of this paper is to analyze the dependency of the computed quantity of interest on both, the discretization and the measurement errors. We first derive an a posteriori error estimator, which aims to control the error in the quantity of interest due to discretization. This error estimator is used in an adaptive mesh refinement algorithm, producing economical meshes with respect to the quantity of interest. Next, using similar techniques, we describe the computation of sensitivities of the quantity of interest with respect to the measurements, allowing to analyze the influence of the measurement errors on the quantity of interest. This is important for estimating the quality of the computed approximation and should be helpful for designing new experiments/measurements. We also show that the computation of these sensitivities requires nearly no additional numerical effort, if an adaptive mesh refinement algorithm based on our a posteriori error estimator is used.
In this paper, we consider the problem of parameter calibration formulated as follows: The state variable u, which represents the vector of all physical unknowns, is determined in an appropriate Hilbert space V by a partial differential equation (state equation) written in weak form:
Here q denotes the unknown parameters in a Hilbert space Q. The function a(·, ·)(·) is defined on the Hilbert space Q × V × V and is linear with respect to arguments in the second pair of parenthesis. The partial derivatives of the form a(·, ·)(·) are denoted by
Further, we have an observation operator C : V → Z, which maps the state variable u to the Hilbert space of measurements Z. The form a and the observation C are assumed to be three times continously differentiable. We denote by ·, · Z the scalar product of Z and by · Z the corresponding norm. Similar notation is used for the scalar product and norm in the space Q.
The values of the parameters are estimated from a given set of measurements C ∈ Z using a least squares approach, such that we obtain the constrained minimization problem with cost functional J : Q × V → R:
under the constraint (1). The cost functional defined in (2) is the sum of the squared norm of the so called least squares residual defined by
and a regularization term involving prescribed α ≥ 0 andq ∈ Q.
The state equation is discretized by the Galerkin method based on a finitedimensional space V h ⊂ V . This space is constructed by finite element functions on a mesh T h . See Section 5 for an example in the context of a twodimensional flow problem.
The discretized optimization problem for the discrete state u h ∈ V h and parameter q h ∈ Q is formulated as follows:
under the constraint
The quantity of interest is described by a user-specified interest functional
The proposed a posteriori error estimator controls the error
and is used in an adaptive algorithm for successive improvement of the accuracy by an appropriate local mesh refinement, see Section 3 for details.
In order to analyze the dependency on measurements, we will introduce a functionalî : Z → R, which maps given measurementsC to the value of the quantity of interest for the solution of the corresponding problem (1,2). The aim of our sensitivity analysis is the computation of relative condition numbers κ i describing the propagation of relative errors from measurements.
The outline of the paper is as follows: In the next section, we describe a typical optimization loop for the solution of the problem under consideration. In Section 3 we derive our a posteriori error estimator. Section 4 is devoted to sensitivity analysis. Thereafter, in Section 5 we illustrate our approach at hand of a flow problem. In the last section we give the proofs for the propositions formulated in the paper.
For simplicity and clarity of presentation, we make the following assumptions. We suppose that both the control space Q and the measurement space Z are finite dimensional,
In addition we suppose that the parameter space of the discrete problem is not reduced, i.e. Q h = Q. The generalization of technics to the case of infinite dimensional control space Q with Q h ⊂ Q is straightforward. Further, we do not incorporate inequality constraints on the parameters. The generalization to this case is the subject of forthcoming work.
The new contributions of this article are the combination of local mesh refinement with sensitivity analysis and a generalization of a posteriori error estimators established before. Sensitivity analysis of parameter-dependent optimization problems is an active area of research, see in the context of parabolic partial differential equations e.g. [12] , or [9] . Concerning a posteriori error estimation we generalize previous work; in [2] we have chosen as the interest functional the cost functional itself, and in [6] we have considered interest functionals depending on the parameters only, along with variants of the optimization algorithm. Here, we allow the interest functional to depend both on the parameters and on the state variable.
Optimization algorithm
In this section, we reformulate the problem under consideration as an unconstrained optimization problem and shortly discuss optimization algorithms for its solution.
Throughout the paper we assume that problem (1,2) admits a (locally) unique solution. Moreover, we assume the existence of a twice continuously differentiable solution operator S : Q 0 → V in a neighborhood Q 0 ⊂ Q of the solution to this problem. For all q ∈ Q 0 we have:
The existence of the solution operator S may be ensured by virtue of the implicit function theorem under the usual regularity assumption on a u (q, u) in Q 0 . Using this solution operator S we define the reduced observation operator c :
in order to reformulate the problem under consideration as an unconstrained optimization problem with the reduced cost functional j : Q → R:
Denoting by G = c (q) the Jacobian matrix of the reduced observation operator c, and by G * the adjoint operator of G, the first-order necessary condition for (8) reads:
In the following proposition we give a representation of the Jacobian G.
Proposition 1 Let the reduced observation operator c be defined as in (7). Then its partial derivatives can be computed as follows:
with u = S(q), C i and c i denote the components of the observation and the reduced observation operators respectively. The tangent solution w j ∈ V is determined by:
where e j denotes the j-th vector of the an orthonormal basis of Q.
Proof: The proof is given in Section 6.
In the sequel we will also need the second derivative of the reduced cost functional. We have
where the matrix M ∈ R n Q ×n Q is defined by
Here, R
LS i
∈ R denotes the i-th component of the least-squares residual R LS (u) with u = S(q).
We collect the necessary information for computation of M in the next proposition.
Proposition 2
The entries M jk of the matrix M defined in (12) can be computed by:
where u = S(q). Further, w j ∈ V is defined in (10) and z ∈ V is the solution of the following adjoint equation:
The unconstrained optimization problem (8) is solved iteratively. Starting with an initial guess q 0 , the next parameter is obtained by q k+1 = q k + δq, where the update δq is the solution of the problem:
where
and H k is an approximation of the Hessian ∇ 2 j(q k ) of the reduced cost functional j. The choice of the matrix H k ∈ R n Q ×n Q leads to different variants of the optimization algorithm. Typical possibilities are H k = G * k G k leading to the Gauss-Newton algorithm and H k = ∇ 2 j(q k ), which corresponds to the Newton method. In oder to improve the convergence behavior, one uses in addition step-length rules or trust-region techniques. For different algorithms and convergence theory see, e.g., [8, 13, 1] .
Remark 1 Alternatively to building up the Hessian matrix as described above, one may compute only matrix-vector products to be used within a iterative procedure for solving system (14) (e.g. the conjugate gradient method). For the computation of the matrix-vector product of the Hessian matrix and a given vector, the solution of one tangent and one dual equation is needed.
The optimization algorithm described above on the continuous level, is carried out for the discretized problem (4, 5) . To this end, we introduce the discrete solution operator S h : Q 0 → V h and the discrete reduced observation operator c h (q h ) = C(S h (q h )). Similar to the continuous case, the problem is reformulated as an unconstrained optimization problem, i.e.
The derivatives of j h are computed similar to Propositions 1 and 2.
A posteriori error estimation
In this section, we derive our a posteriori error estimator for the error with respect to the quantity of interest. Our aim is to prove the following error representation:
where η is the a posteriori error estimator, which can in principle be evaluated, and R is a remainder term due to linearization. This error estimator is used within the following adaptive algorithm for error control and mesh refinement: We start on a coarse mesh, solve the discretized optimization problem and evaluate the error estimator. Thereafter, we refine the current mesh using local information obtained from the error estimator, reducing the error with respect to the quantity of interest. This procedure is iterated until the value of the error estimator is below a given tolerance, see [6] for a detailed description of this algorithm.
We define the Lagrange functional L by:
The first-order necessary condition for problem (1,2) is given by the stationarity of the Lagrangian L. Setting for abbreviation ξ = (q, u, z) it reads:
For the discretized problem we have a similar first order necessary condition for ξ h = (q h , u h , z h ):
For the quantity of interest I, we introduce an additional functional M:
This equality, which also holds in similar way on the discrete level, is the starting point for our a posteriori error analysis.
As in [5, 6] , we obtain the following error representation:
2 ⊂ X be a subspace and x h = (ξ h , χ h ) ∈ X h be the corresponding Galerkin solution satisfying
Then, there holds the following error representation
wherex h ∈ X h is arbitrary and the remainder term R is given by:
M (x h + s e)(e, e, e)s(s − 1)ds,
with e = x − x h .
For application of this result the solution x h = (ξ h , χ h ) of (20) is needed. We note, that ξ h = (q h , u h , z h ) is the already computed solution of the first order optimality condition (17). It remains to compute the set of auxiliary variables χ h = (p h , v h , y h ). At first glance, it seems as this might lead to huge additional computations. However, this can be avoided exploiting the special structure of the optimality system. In the next proposition we describe the computation of χ = (p, v, y) on the continuous level (for clarity of notation).
The corresponding discrete set χ h is obtained in the same way.
Proposition 4 Let ξ = (q, u, z) be a stationary point of L defined in (15). Let moreover, {w j } 1≤j≤n Q be the set of tangent solutions (10) and H = ∇ 2 j(q) be the reduced Hessian. Then the auxiliary solution χ = (v, y, p) is given by:
where the components of g are:
and y ∈ V is determined by:
From Propositions 3 and 4 we obtain the following result:
whereỹ h ,ṽ h ,z h ,ũ h ∈ V h are arbitrary. The residual functionals are given by:
and R is a cubic remainder term due to linearization, see Proposition 3.
Remark 2 For the computation of the discrete set of auxiliary variables χ h = (p h , v h , y h ), we use the representations from Proposition 4, which are immediately translated to the discrete level. In practice, one would solve the discrete analogon of equation (23) with the Hessian matrix computed in the last step of the optimization loop. However, this may introduce an additional remainder term (linearization error) depending on the iteration error.
Remark 3 For practical evaluation of the error estimator, terms like u −ũ h have to be approximated. Sinceũ h is arbitrary, this term corresponds to a local interpolation error. In our numerical example, we use interpolation of the computed bilinear finite element solution y h on the space of biquadratic finite elements on patches of cells, see [4] for details of this procedure. However, other reasonable procedures are available, see, e.g., [7] .
If the Hessian matrix from the last step is used, as discussed in Remark 2, then the main computational cost for the a posteriori error estimator described above is the solution of one auxiliary equation (25). However, since one step of the optimization loop requires solution of the state (nonlinear) and of several (linear) tangent equations, the additional work for the a posteriori error estimator is relatively low.
Sensitivity analysis
In this section we develop first-order sensitivity analysis for the quantity of interest. Our aim is to investigate the influence of perturbations in the measurementsC on the quantity of interest I(q, u). This will be done using similar techniques as in Section 3. Moreover, we will show, that the quantities computed for a posteriori error estimation may be directly used for our sensitivity analysis.
Let q ∈ Q be a solution of the problem (8) . Then, the Hessian matrix ∇ 2 j(q) of the reduced cost functional is positive semidefinite due to the second-order necessary optimality condition. Throughout we assume the Hessian ∇ 2 j(q) to be (strictly) positive definite, which corresponds to the standard second order sufficient optimality condition. Such a solution is called stable.
For addressing the question of the influence of the perturbations in the measurements on the solution of the problem, we have to ensure the existence of the solution for the perturbed problem. This is done in the following proposition.
Proposition 5 Let q be a stable solution of the problem (8) for the measurement vectorC. Then there exists a neighborhood Z 0 ⊂ Z ofC and a continously differentiable function π : Z 0 → Q, which maps a given measurement vector in Z 0 to a stable solution of the corresponding problem.
Without loss of generality, we assume, that π(Z 0 ) ⊂ Q 0 . For a given measurement vectorC the state variable at the optimum is given by S(π(C)), where S is the solution operator defined in (6) . This allows us to introduce the reduced quantity of interest i : Z 0 → R as a function of measurements:
i(C) = I(S(π(C)), π(C)).
Next we define the relative condition numbers κ l describing the amplification of relative errors, uniquely determined by the following formula:
Here, we have assumed, that i(q) = 0 andC l = 0, l = 1, 2, . . . n Z . Otherwise this formula can be given by means of absolute perturbations.
In the following theorem, we propose an efficient way for the computation of κ l . Again, we make use of the fundamental equality (18).
Theorem 2 Let q be a stable solution of Problem (8) for the measurement vectorC. Moreover let x = (q, u, z, p, v, y) be a stationary point of the Lagrangian M. Then, for a small perturbation δC (29) holds and the relative condition numbers κ l are given by:
Due to the above theorem, it turns out that the computation of the relative condition numbers κ l is based on the same auxiliary solution (p, v, y) as the a posteriori error estimation in the previous section. Therefore, the κ l can be computed with little additional computational effort.
Remark 4
The relative condition numbers κ l allow also the following representation:
where G is the Jacobian matrix of the reduced observation operator at the solution q.
The relative condition numbers κ l describe the relative importance of the individual measurements for the determination of the quantity of interest. They may be used to assess the accuracy of the quantity of interest due to measurement errors. Moreover, these numbers give information for the design of new experiments.
Remark 5
On the discrete level similar considerations can be done, which leads to discrete relative condition numbers κ h,l given by
Remark 6
The extension of this concept to a general parameter-dependent optimal control problem is straightforward. Let problem (2) depend on a perturbation parameter σ. Then, due to the fact that x is a stationary point of M there holds:
This gives a possibility to compute the corresponding relative condition numbers.
Numerical Example
In this section we discuss numerical results for a model flow problem. We start with a description of our model configuration. Thereafter, we shortly describe the finite element discretization of the Navier-Stokes equations used in the presented computations. We show some numerical results concerning mesh refinement and numerical sensitivity analysis.
Configuration of the model problem
A typical difficulty in CFD is the prescription of in-and outflow boundary conditions. We consider a systems of pipes Ω, see Figure 1 , with a flow described by the Navier-Stokes equations, where the inflow and outflow boundary conditions are unknown. The circular hole in the lower branch represents the cross-section of a cylinder. The aim of the computation is the accurate prediction of the drag-coefficient of this cylinder.
In order to embed this problem in our general setting, we parameterize the unknown boundary condition and obtain the following system of parameter-
Fig . 1 . Configuration of the system of pipes with measurement points marked crosses dependent state equations for the pressure p and velocity v:
The unknown parameter q in the boundary conditions is searched for in the parameter space Q = R 2 and n denotes the outward unit normal vector to the boundary. This parameterization can be interpreted as follows: The parameters q 1 and q 2 describe the pressure difference between Γ 1 and Γ 3 , and between Γ 2 and Γ 3 respectively, cf. Heywood, Rannacher & Turek [10] .
The solution of the state equation for the exact parameters q = (0.03, 0.029) is shown in Figure 2 . We assume the measurementsC ∈ Z = R 4 to be given by point values of the velocity at four different point marked by crosses in Figure 1 , i.e. the We set V = H × L 2 (Ω) and the form a : Q × V × V → R is defined by:
where φ = (ψ, ξ) ∈ V denotes the test functions for velocity and pressure. The corresponding weak formulation of the state equation reads: Find u = (v, p) ∈ V such that a(q, u)(φ) = 0 ∀φ ∈ V.
(34) The state equation (34) is discretized using conforming finite elements on shape-regular quadrilateral meshes T h . However, in order to ease local mesh refinement we allow a cell to have nodes, which lie on midpoints of faces of neighboring cells. But at most one such hanging node is permitted for each face. We use isoparametric bilinear finite elements for both pressure and velocities. We add further terms to the semilinear form a (33) in order to obtain a stable formulation with respect to both the pressure-velocity coupling and convection dominated flow. The discretization is described in detail in [2] .
Computational results
The optimization problem is solved by the Gauß-Newton method with the initial guess q 0 = (0, 0), which corresponds to the state variable u = 0. The resulting nonlinear state equations are solved by Newton method and the solution of the linear subproblems are computed using a multigrid algorithm on locally refined meshes, see Becker & Braack [3] . With these ingredients, the total numerical cost for solution on a given mesh behaves like O(N ), where N is the number of nodes. All computations are done on the basis of the package RoDoBo for treating optimization problems governed by partial differential equations and the finite element toolkit Gascoigne3D.
Application of the a posteriori error estimator for the quantity of interest (32) leads to the sequence of locally refined meshes shown Figure 3 . Obviously, there is strong local mesh refinement at the points of measurement and around the cylinder where the quantity of interest is defined. Note the different strength of refinement at the points ξ i . They are explained by the automatic weighting built in the a posteriori error estimator.
Next we investigate the quality of this sequence of meshes generated by our a posteriori error estimator. In Figure 4 we show the corresponding error in the quantity of interest (32) compared with the errors obtained by uniform mesh refinement. It turns out, that the refinement strategy based on the error estimator for the quantity of interest leads to very efficient meshes.
We compute the relative condition numbers κ l for the four points measurement on the above sequence of locally refined meshes. The results are listed in Table 1 . The measurements at ξ 3 and ξ 4 clearly have more influence on I than the others. Table 1 Relative condition numbers for point measurements on sequence of locally refined meshes.
It turns out that a perturbation of the measurementC 1 of 10% would lead only to a perturbation of about 0.69% in the quantity of interest. However, a 10% perturbation of the measurementC 4 introduces an error in the quantity of interest of about 5.4%. Finally, we investigate the quality of κ l for the prediction in the relative change of I, i.e. we check the validity of (29). In Table 2 we show the relative error δI/I in the quantity of interest for different error levels δC l /C l in the measurements. In order to do this comparison, since δI = i(C + δC) − i(C), the solution corresponding toC +δC is computed in addition. The quality of the prediction based on κ l is very satisfactory.
Appendix
In this section we give the proofs of the propositions and theorems formulated above.
Proof of Proposition 1:
Let u = S(q) be a solution of the state equation (1) . Taking the derivative of the equation (6) with respect to q in the direction δq we obtain
where δu = S (q)(δq). Moreover, there holds:
and we complete the proof by setting δq = e j . Table 2 Comparison of the computed and predicted relative error in the quantity of interest for different levels of measurement errors # Proof of Proposition 2: Let u = S(q) be a solution of the state equation (1) . Using the Lagrange functional L defined in (15) we obtain:
for arbitrary z ∈ V . Taking the derivative with respect to q in the direction δq we obtain:
where δu = S (q)(δq). Let now z ∈ V be a solution of the adjoint equation (13) , which corresponds to the condition:
We take the derivative of (36) with respect to q in the direction τ q and obtain:
where δ 2 u = S (q)(δq, τ q), τ u = S (q)(τ q) and τ z ∈ V is the derivatives of z with respect to q in the direction τ q. The first term vanishes due to (37) and moreover there holds:
L uz (q, u, z)(δu, τ z)+L qz (q, u, z)(δq, τ z) = a u (q, u)(δu, τ z)+a q (q, u)(δq, τ z) = 0, due to (35). We complete the proof by setting δq = e j , τ q = e k and calculating the second derivatives of L.
#

Proof of Proposition 3:
We note, that ξ = (q, u, z) is a stationary point of L, i.e. L (ξ)(δξ) = 0 ∀δξ ∈ Q × V × V
and ξ h is the corresponding Galerkin solution
Therefore, we obtain:
We rewrite the right hand side of (40) as follows:
M (x h + s e)(e)ds,
approximate the integral by the trapezoidal rule and obtain:
M(x) − M(x h ) = 1 2 M (x)(e) + 1 2 M (x h )(e) + R,
where the remainder term R is given by
M (x h + s e)(e, e, e)s(s − 1)ds.
The term M (x)(e) vanishes, and due to Galerkin orthogonality the term M (x h )(e) can be replaced by M (x h )(x −x h ) withx h ∈ X h arbitrarily chosen. This completes the proof.
#
Proof of Proposition 4:
We note, that ξ = (q, u, z) is a stationary point of L. Therfore, there holds:
It remains to show that M ξ (ξ, χ) = 0. Due to the definition of v (24) there holds:
a u (q, u)(w j , φ) + a q (q, u)(e j , φ) .
This sum vanishes because of the definition of w j (10). The equation for y (25) can be rewritten in the following form:
which is equivalent to M u (ξ, χ) = 0. Finally, we show, that the derivative M q (ξ, χ) vanishes. There holds:
M q (ξ, χ)(δq) = I q (q, u)(δq) + L uq (ξ)(v, δq) + L(ξ)(p, δq) + L zq (ξ)(y, δq).
Using the representation of second derivatives of j(q) from Proposition 2 and setting δq = e j we have:
M q (ξ, χ)(e j ) = Hp, e j Q + I q (q, u)(e j ) − L zq (ξ)(y, e j ) − L uu (ξ)(v, w j ) − L qu (ξ)(p, w j ).
Due to the definition of w j and the equation (43) we obtain:
M q (ξ, χ)(e j ) = Hp, e j Q + I q (q, u)(e j ) + I u (q, u)(w j ).
We complete the proof using the definition of p (23).
#
Proof of Proposition 5:
The solution q of problem (8) is assumed to be stable. Therefore the symmetric matrix ∇ 2 j(q) is postive definite and consequently invertable. Due to the finite dimension of Q the inverse of ∇ 2 j(q) is bounded and the implicit function theorem can be applied to the optimality condition (9) . This completes the proof.
#
Proof of Theorem 1:
We apply Proposition 3 and Proposition 4. Due to the choice Q h = Q we may setx h = (ũ h , q,z h ,ṽ h , p,ỹ h ). This completes the proof.
#
Proof of Theorem 2:
There holds:î (C) = M(x).
We take derivatives in respect toC and obtain:
where δx is the derivative of x with respect toC in the direction δC. Due to the fact that x is a stationary point of M there holds:
i (C)(δC) = M C (x)(δC) = − C l (u)(v), δC Z .
This completes the proof.
#
